Lecture 11. Linear Second-Order Equations
with Constant Coefficients Part 2

Review: Recall in Lecture|@) we talked about 2nd-order homogeneous equations with constant coefficients of
the following form

ay” +by' +cy=0 (1)
To solve for y, we first solve for r from the characteristic equation
ar’ +br+c¢=0,

—b+ Vb? — 4ac

2a

Case 1.7, ry are real and 71 # 72 (b2 — 4ac > 0):

which has roots 71,79 =

General solution: y = c1e* + coe”™*

Case 2.7, Ty arerealand 1 = 73 (b2 — 4ac = 0):
General solution: y = (c; + cox)e’®

In this lecture, we will talk about the last case:

Case 3.7, T are complex numbers (b? — 4ac < 0): (Not covered in Lecture 10)

We can writer; 9 = A £ Bi.

Az (

General solution: y = e”* (¢1 cos Bz + ¢; sin Bz)



Euler's Formula for Complex Numbers 1= J- \
= cosf +isinf, 96 R
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e Euler's formula: e
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o ¢f =" = e%eW = e*(cosy + isiny), where 2 = x + 3y is any complex number.

Theorem 7 Complex Roots

If 712 = A &+ Bi are roots of the characteristic equation (1), then the corresponding part to the general
solution

y = e’(

¢1 cos Bx + co sin Bx)
Remark: We have the above formula since

y(x) = C1e™® + Cre™*

— Cle(A+Bi)a: + Cze(AfBi)w _ CleAzeBiw + CzeAa:efBiw

— C1e® - (cos Bz + isin Bz) + Cye”®(cos Bx — isin Bzx)
= ¢4 [(C1 + Cs) cos Bz + i (C1 — Cs) sin Bz

= e“% (¢, cos Bz + ¢, sin Bz)



Example 1. Solve the following differential equation:

y' +y +y=0
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Example 2. Find the general solution to the homogeneous differential equation

d’y dy
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Example 3. What values of &« and A make y = A cos at a solution to y¥” + 7y = 0 such that /(1) = 47

ANS: Medhoo 1. P/Mj -}ALJ,\/@,‘ 212 Acos Xt 1'adte Hhe

.

ein With the condition ﬂ’(i):q
Then solue ]‘%.vv x omol A
Methocl 2. 7}16 CoYYe/stvxol chur. e{n /'S
T'+7=0 o r:-1= r=tf1 17y = 041+
Thus the yznem( Sobuctiom |,‘3
zjfﬂi%o’/[c.wséﬁ )t ( 9 WTx))
= ‘Zj(r’c): chsﬁx *C;%Hﬁx
Note if we foke (izo, fhen ym:c,%(ﬁx) Xt
O Soludion o]L 1he  one 57‘0% i the %u,esh“w\.
Also, we meest 4o have (/7’(1);4‘

ﬁ'(") = - o7 1 x
As A ) =4, Y'Uy=- 0T wnfT = 4

) - _ < luu - 4
G NT 4T f 7(0- N

s the Sobhntiom o-f The fcﬂm 7: A tog o¢ x )"cnl'z?f\'e R

{he  Vaital oomelfion  So A=-_-_4 and =2
| A 54T <=1

cosale_




Solution using Method 1.

Ify = Acosat, theny = —aAsinatandy” = —a?Acosat.

Thus, if ¥ 4+ 7y = 0, then —a2Acosat + TAcosat =0,s0 A (7 — a2) cosat = 0.

This is true for all ¢ if A = 0, or if o = 4-+/7. We also have the initial condition: 5/(1) = —aAsina = 4.

Notice that this equation will not work ifA=0.Ifa = \/7 then A = — 4

V7sin/T"
Similarly, if @ = —+/7, we find the same value for A.
. _ 4 _
Thus, the possible values are A = N and o = +/7.

Exercise 4. Find y as a function of ¢ if

Solution.
The corresponding characteristic equation is

9r? + 26 = 0.
Thus we have

1V 26
3

T1,2 = +

So the general solution is

y(ac):clcos<\/?m> +czsin<\/?m>

Substitute y(0) = 2 into y(x) = cos (—\/?3_6”’ >c1 + sin (—‘/2_6”” )c2 ,wegeteg =2
Substitute /(0) = 4 intoy/ (x) = —§v26sin (3 ey + § V2 eos (432 )
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Thus

cp =2

co =26 i
13

Therefore,

26x 2 . 26x
y(cc)—2cos< 3 >+6\/Esm( 3 )

Exercise 5. (Note this is the case 2 we covered in Lecture 9)

- d’y _dy :
Solve the initial-value problem ) + 6% +9y=0,y(1) =0,y (1) =1

Solution.

The corresponding characteristic equation is
r’+6y+9=0
Thus

So we have the general solution

Substitute y(1) = 0 into y(z):
Substitute ¢/(1) = lintoy’ = —3e 3¢y + e 3%cy — 3e 3 zcy :

Soloving the two equations for ¢; and ¢, we have

C1 = —63
Cy = 63
Therefore,

y(z) =e Pz - 1)



